
AIAA JOURNAL
Vol. 32, No. 7, July 1994
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A series of systematic tests are carried out on the Johnson-King turbulence model (JKM) for applied com-
pressible aerodynamics. Two-dimensional flows with a moderate adverse pressure gradient and without separa-
tion at various Mach numbers are used for the tests. The results are compared with the Baldwin-Lomax model
(BLM) as well as the measurements. The agreement of the results of both models and the measured data becomes
poorer at higher Mach numbers. Overall, the performance of the JKM is slightly better than BLM except with
respect to the prediction of the skin friction coefficient. The ordinary differential equation (ODE) in the JKM is
effective in improving the prediction. However, the effects of the ODE are not as significant as in flows with sepa-
ration. Use of the JKM even in nonseparated flows may improve accuracy of prediction, which has not been
clearly established before this work.

Nomenclature
#! = modeling constant, -u'vf

n/km
Cf = local skin friction coefficient
Cp = pressure coefficient
FMAX = maximum value of function F(x)
k = von Karman constant
km = maximum turbulence kinetic energy
L = reference length
M = Mach number
R = radius of the body
Rex = Reynolds number based on reference length
t = time
M, v = velocity components in the x and y directions,

__ respectively
-u'v' = defined as Reynolds shear stress
x, y = Cartesian coordinate axes
7MAX = position of maximum F(y) in the y direction
ym = position of -u'v'm in the y direction
8 = boundary-layer thickness
0 = momentum thickness
[i = viscosity coefficient
p = density
o (x) — nonequilibrium function in the JKM

Subscripts
eq = equilibrium value
m = maximum value except ym
w - wall condition
oo = freestream value

Introduction

O NE of the most popularly used turbulence models for applied
compressible aerodynamics is the Baldwin-Lomax model

(BLM).1 However, when flowfields become complex such as in an
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adverse pressure gradient or with a flow separation, the model can-
not accurately predict the flow because the "history effect" is not
included in the model. Increasingly complex turbulence models
have been employed for more complex flows in recent years.
These models require significantly if not prohibitively large com-
puting times and costs to simulate practical cases to assist design
work.

Recently, Johnson and King2 and Johnson3 introduced a turbu-
lence model (JKM) that added some history effects to the simple
algebraic eddy viscosity model. An ordinary differential equation
(ODE) has been introduced to resolve the maximum Reynolds
shear stress development in the streamwise direction to account for
convection and diffusion.

Only a few reports have been published concerning the behavior
of the JKM with various flow conditions. Menter4 compared four
turbulence models including the BLM and JKM in an incompress-

Stations of Velocity
Profile Measurements

O25 O50 075 1X)0
X/L

Fig. 1 Body geometry.

0 . 7 5

0 . 2 5

O . O O l
0 . 5 0 X/L 1 .00

Fig. 2 Part of mesh system.
1394



NOGUCHI AND SHIRATORI: JOHNSON-KING TURBULENCE MODEL 1395

ible adverse pressure gradient flow with a separation. The JKM
performed the best amongst the turbulence models compared.
There are even fewer reports that systematically tested the behav-
ior of the JKM in compressible flows. Noguchi et al.5 tested the
JKM in a flow without a separation. He further extended the work
to test the model in various Mach numbers.6

In this work both the BLM and JKM are compared with the
measured data at four Mach numbers with a moderate pressure
gradient without flow separation. Particular attention is paid to the
observation of the behavior of the JKM. This is a part of the sys-
tematic testing of the JKM to clarify the behavior of the model in
different flow conditions, pressure gradients, and Mach numbers.

Algorithm
The axisymmetric compressible thin-layer approximation of the

Reynolds-averaged Navier-Stokes equations in conservation law
form in general curvilinear coordinates are

_
7^~ ^Rex\dr\ (1)

The equations are solved by the Warming-Beam7 explicit time-
marching scheme. To damp high-frequency oscillations, fourth-
order numerical dissipation terms, suggested by Warming and
Beam,7 are added. All of the results presented here are calculated
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Fig. 6 Velocity profiles at M^ = 1.4.

with the far-field boundary sufficiently far away from the body to
allow the freestream conditions to be used at the boundary.

Turbulence Models
The present work used the original version of the BLM,1 which

is a well-known and well-used model. The JKM2'3 used in this
work is a slightly modified version. The function F( v) used in the
BLM1 is introduced instead of using the boundary-layer thickness
5, which is rather difficult to define.

The inner region eddy viscosity is given by

(2)
1/2The damping term D = 1 - exp [- (-u'vfn) ' "pwy/\JiwAr ],

where A+ = 15 instead of 26 used in the BLM, and (-w'vj is
called the Reynolds shear stress for convenience, although it
should be p(-w'v^). Subscript m denotes the maximum value at a
given x station, and ym indicates its distance from the wall.

The outer formulation is given by

p FMAX FMAX Fkleb(v)] (3)

where a and Cj are the same as in the BLM.1
The maximum Reynolds shear stress is calculated by solving an

ordinary differential equation

Ax 2«mLm

where Lm is a dissipation length scale given by

Lm = OAym for ym/8 < 0.225

Lm = 0.096 for yJS > 0.225
(5)
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Fig. 7 Shear stress and eddy viscosity profiles at M.«, - 1.4. Fig. 8 Velocity profiles at M^ = 2.8.

The variables are

8= (-w
-1/2

(6)

a - (-u'V \ (1}6eq ~~ V u vmeq' v''

where eq indicates the values when the convection and diffusion
are negligible or are in an equilibrium condition. The values for av
and Cdiff are 0.25 and 0.5, respectively.

The equilibrium function G(X) is updated by two iterations (n =
1 and 2)

(n)

(n+l) (8)

where utm is the maximum eddy viscosity calculated by Eq. (4).

Body Geometry and Mesh
The turbulence models are applied to a waisted body of revolu-

tion, for which Winter et al.8 made a series of detailed measure-
ments at various Mach numbers. The geometry of the waisted
body is shown in Fig. 1. The cases chosen for the present compari-
sons are the freestream Mach numbers at M^ = 1.4, 2.0, 2.4, and
2.8 with the length based Reynolds numbers of nominally Rex =
l .OX 107.

At first only the conical nose part up to X/L = 0.11 is calculated
using the BLM. The turbulence model is switched on at the same
location as the transition trip in the experiments (X/L = 0.025). The
grid used for this part has 65 points each in the X and Y directions.
The results at X/L = 0.1 are then used as the starting conditions to
calculate the downstream part of the body.

The coordinate system used for the afterbody calculations has
115 and 65 points in the X and Y directions, respectively, as seen in
Fig. 2. The results were compared with the results from the 124 X
80 mesh. Both results are almost identical as shown in Fig. 3, and
this suggests that the results are nearly mesh independent. The val-
ues of Y+ at the first grid points are between 0.13 and 0.5 at the sta-
tions compared with the experiment.

Results and Discussion
The pressure coefficient developments predicted by both mod-

els are almost identical and agree very well with the measured
data. The agreements are good at all of the Mach numbers tested.
Figure 4 shows the pressure coefficient developments at M^ =1.4
and 2.8.

However, the skin friction prediction shows poor agreement
with the measurements as shown in Fig. 3. Although both models
do not agree with the measured data, the BLM results are better,
especially with respect to the prediction of the lowest levels of skin
friction coefficient, than the JKM. The skin friction drag discrep-
ancies from the measured data are approximately 30% for both the
BLM and JKM at M^ = 1.4 and 6 and 10% at M^ = 2.8 for the
BLM and JKM, respectively.

Figure 5 shows the development of momentum thickness. At
A^ =1.4 the results from both models agree well with the mea-
sured data except the peak value at X/L = 0.7. However, the agree-
ment with the measured data at MM = 2.8 is poor for both models.
Generally, the JKM shows slightly better trends.
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The velocity profiles at AC = 1.4 at X/L = 0.55, 0.7, and 0.833
are shown in Fig. 6. Figure 7 shows corresponding shear stress and
eddy viscosity profiles. The velocity profiles do not agree very
well at X/L = 0.55 and 0.7, which are in the adverse pressure gradi-
ent region. The velocity profiles agree better at X/L = 0.833, which
is in the favorable pressure gradient region. The differences in the
shear stress and eddy viscosity profiles between the two models
are large at X/L = 0.7 and 0.833, although these are associated with
only small variations in the velocity profiles.

Figures 8 and 9 show the velocity profiles and shear stress and
eddy viscosity profiles at M^ = 2.8, respectively. It is clearly
shown that the boundary-layer thickness was overpredicted by
both of the models and reflected in the momentum thickness
development in Fig. 5. The variations between the two models in
the shear stress and eddy viscosity profiles are similar to those at
AC =1.4.

The peaks of all of the shear stress profiles produced by the
JKM are closer to the wall, and this trend seems to be producing a
closer agreement with the measurements than the BLM in the log
law region as reported by Noguchi.6 Neither model produced
clearly better velocity profiles agreement with the measured ones
at the outer part.

The development of maximum shear stress at M^ =1.4 and 2.8 is
shown in Fig. 10. The delay in the development of the maximum
shear stress by the JKM produced larger and fuller shear stress
profiles at X/L - 0.7 by the BLM. The delays in the development
produced by the JKM become clearer at higher Mach numbers.
Although the differences between the two models are clear and
large, it did not produce very different results in boundary-layer
parameters such as momentum thickness developments.

The variation in the development of the nonequilibrium function
o(:c), which is defined in Eq. (8), increases with increase in Mach
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Fig. 10 Maximum shear stress development.

3.0

0.0010

0.0005

Fig. 9 Shear stress and eddy viscosity profiles at M^ = 2.8.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
X/L
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number as shown in Fig. 11. The BLM is based on the assumption
of an equilibrium state, i.e., the turbulence production term is
equal to the dissipation term. The development of the nonequilib-
rium function clearly shows the nonequilibrium nature of the flow.
However, the large variations in G(X) did not produce the signifi-
cant improvements over the BLM results that were seen in sepa-
rated flow cases. In separated flows a small variation in o(jc) pro-
duced relatively small improvements in boundary-layer
parameters. These small improvements produced a small move-
ment in the position of separation. This small shift in the separa-
tion position, however, may lead to a significantly more accurate
overall prediction. Nonseparated flows do not have a significant
factor such as separation position that can dominate the overall
accuracy of prediction.

Winter et al.8 carried out calculations based on the integration of
the momentum and kinetic energy boundary-layer equations. The
axisymmetry was introduced with the factor 1 + (y/R) in the inte-
grals of boundary-layer parameters. The results show good agree-
ment with the measured data at M^ =1.4. They reported that the
inclusion of axisymmetry may be important for the momentum
thickness development prediction. Since the two models used here
do not include axisymmetry, the discrepancies between the predic-
tions and measurements may partly be caused by the streamline
convergence of the actual flowfield.

Concluding Remarks
A series of tests are carried out on the BLM and JKM with mod-

erate pressure gradient without separation at various Mach num-
bers.

The agreement of the results of both models and the measured
data become poorer at higher Mach numbers. Overall, the perfor-
mance of the JKM is slightly better than the BLM except with the
prediction of skin friction. The ordinary differential equation in the
JKM is effective in improving the prediction in general. However,
the effects are not as significant as in flows with separation.

Use of the JKM even in nonseparated flows may improve the
accuracy of prediction, and this has not been clearly established
before this work. More work on the JKM at the border of separated
and nonseparated flows should be carried out to observe the
behavior of the model, especially the effect of the ODE.
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